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Abstract 
Harzheim, E., Weakly arithmetic progressions in sets of natural numbers, Discrete Mathemat- 
ics 89 (1991) 105-107. 
A set of numbers a, < a2 <. ’ . < aL is called a weakly arithmetic progression, if there exist L 
consecutive intervals 1, = [xi_,, xi), i = 1, , L, of equal length with ai E I,. We give sufficient 
conditions for the existence of weakly arithmetic progressions of a given length in certain 
subsets A of I% As a corollary we obtain: If C,,, l/a = m, then for every L E N the set A has a 
weakly arithmetic progression of length L. 
A be a set of positive integers 
with ZaeA l/a = 03. Does this entrain that A has arbitrarily long arithmetic 
progressions? Several papers deal with related questions, e.g. [l-2]. Here we 
consider similar questions for the weaker concept ‘weakly arithmetic progression’. 
Definition. N resp. R denotes the set of positive integers resp. the set of real 
numbers, N,, := N U (0). We call a set of real numbers a, < * . . < aL a weakly 
arithmetic progression of length L, if there exist real numbers x0 <x1 < . . . < xL 
such that all differences xi+1 -xi, i = 0, . . . , L - 1, are equal (so that the xi form 
an arithmetic progression) and Ui E [xi-,, xi) for i = 1, . . . , L. 
An elementary consideration leads to the following theorem. 
Theorem 1. Let L E N, K E R be numbers >l, k := [K] the greatest integer SK. 
Let A c No be a subset of an interval [c, c + LK) of length LK where c E N,. Let 
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a := /A( > (LK-“ + 1) . (I, - l)k. Then A contains a weakly arithmetic progression 
of length L. 
Proof. Without restriction of generality we can assume c = 0, so that A c [0, LK) 
holds. Assume that the statement is false. Then we subdivide the interval [0, LK) 
into L consecutive intervals (left closed, right open) of equal length LK-‘: 
[O, LK-I), [LK-‘, 2. LK-‘), . . . ) [(L - 1) * LK_-I, LK). (1) 
According to our indirect assumption at least one of the intervals of (1) is disjoint 
to A. Thus the remaining L - 1 intervals of (1) together contain all a elements of 
A. In particular, one of these intervals, say Z1, contains at least a/(L - 1) 
elements of A. 
We iterate this process. We subdivide Zl into L consecutive half-open intervals 
of length LKW2, and one of these, say Z2, contains at least al(L - 1)2 elements of 
A. After k steps we obtain a half-open interval Z, of length LKPk which contains 
at least a/(L - 1)” elements of A. This, of course, yields a/(L - l)k s LKWk + 1, 
and this contradicts our assumption about a. El 
Theorem 1’. Zf in Theorem 1 K is an integer and thus =k then already 
a > (L - l)K is sufficient for the existence of a weakly arithmetic progression of 
length L in A. 
Proof. Indeed, in the proof of Theorem 1 we obtain under this more special 
assumption that Zk is of the form [g, g + 1) where g is an integer. It contains only 
one integer and thus at most one element of A. This yields a/(L - l)K s 1 which 
again gives a contradiction. 0 
We list two corollaries: 
Corollary 1. Let A be an arbitrary subset of N,,, L and k E I% Zf A has more than 
C&I (L - 1)” 1 e ements in the interval [0, C,“=, L”) then A has a weakly arithmetic 
progression of length L in this interval. 
Proof. Indeed, we put Zl := [0, L) and Z,, := [L + L2 + . . * + L”-‘, L + L2 + * * - + 
L”) for n 2 2 in N. Then for at least one n s k the interval Z, of length L” contains 
more than (L - 1)” elements of A and thus a weakly arithmetic progression of 
length L. 0 
Corollary 2.* Let A c N and CaEA l/a = 00. Then A encompasses a weakly 
arithmetic progression of length L for every L E N. 
Proof. For a given L E N there must be an index n such that the interval Z,, (of 
Corollary 1) contains more than (L - 1)” elements of A. Otherwise we would 
* As I became aware after submitting this note a result which is equivalent to Corollary 2 was also 
obtained by Brown, Erdiis and Freedman in their forthcoming paper ‘Quasi-progressions and 
descending waves’. 
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which yields a contradiction. 0 
Finally we can sharpen Corollary 2 to a more special statement. Namely the 
following proposition holds. 
Proposition. If a set A c N has a weakly arithmetic progression of length L for all 
L E N, then A also contains E-weakly expanding progressions of length L for every 
L E N and all E > 0. That means: For every E > 0 and L E N there exists a sequence 
a,<.. . < aL in A such that the differences of consecutive members increase but at 
most by the factor 1 + E: For i = 1, . . . , L - 2 there holds 
a,+l - ai c ai+* - ai+l s (a,+1 - ai) * (1 + E). 
Proof. We choose m > 41~ in N and numbers x1 <x2 -=z.  . <x~.~+~.~~+...+~~ in A 
which form a weakly arithmetic progression. Then there are consecutive intervals 
4 of the same length d with xi E 4 for i = 1, . . . , L . m + 2 * (1 + * . . + L). Then 
the numbers ai := Xi.m+Z.(l+...+i)J i = 1, . . . , L, satisfy our assertion. This is easily 
verified with the following: For 1 s i <j s L * m + 2 . (1 + * . . + L), Xi E Z;, xi E 4 
there holds (i - i - 1) . d =S xi - xi c (j - i + 1) . d. 0 
Of course, an analogous proposition could be established for ‘E-weakly 
descending progressions’. 
Remark. In connection with the subsets A of N which satisfy roeA l/a = ~0 we 
mention Theorem 2 of [3] according to which these sets A have the property: For 
every two natural numbers k, n there exist k disjoint n-element subsets of A 
which are pairwise congruent by translation. 
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